STATO0041: Stochastic Calculus

Lecture 2 - Conditional Expectation

Lecturer: Weichen Zhao Fall 2025
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WFAERY € L2(Q,9,P),

X =Yl =(X Y, X -Y)
= (X —EX[9] + (E[X|9] - Y), X - E[X|9] + (E[X|¥9] - Y))
= [|X - E[X|9]||7-+E[X|Z] — Y72 (prop 2.3)
> | X — E[X|¥]|7.-

E[(X - E[X|9])"] = verrtdy o EUX — Y)?]
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Proposition 2.4 %X X #= YV & (O, 7, P) LM E s, TEHBR Y CF, WA

(1) X & 9- Tty = E[X|9] = X;
(2) 3t a,b € R, E[aX +bY|¥] = aE[X|¥] + bE[Y|¥]:

(3) %2 % X >0, R4 E[X|¥9] > 0;
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E[|X]|¢] = [E[X|Z]];
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E[XY|¥] = XE[Y|¥];
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(5) E[E[X|¥]] = E[X]:
(6) K%Y CY% Cc.F, NNA

E[E[X|4]|%] = E[E[X|%][#] = E[X|#].
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H1 E[aX + bY |9]1f5E SLENE .
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/E[X]%]dp— / XdP > 0,
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—E[|X|| 6] < E[X | G] < E[|X]|] G],
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—Zaz/
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/(ZaﬂA) [Y|4)dP
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E[Y|4]dP = Z/a;AEyw]
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E[E[X|Y]] = /QIE[X\Y] (w)dP

:/X(w)dP
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(6) HTE[X|4] & %-FIili, B % C %, h()ak,
E[E[X|%] | %] = E[X|4].
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| EEXI%)4) - [ Blxigr
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